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We study compactifications on Riemann surfaces with punctures of N = (1, 0) 6d SCFTs with a
one dimensional tensor branch and no continuous global symmetries. The effective description of
such models on the tensor branch is in terms of pure gauge theories with decoupled tensor. For
generic Riemann surfaces, the resulting theories in four dimensions are expected to have N = 1
supersymmetry. We compute the anomalies expected from the resulting 4d theories by integrating
the anomaly polynomial of the 6d theory on the Riemann surface. For the cases with 6d gauge
models with gauge groups SU(3) and SO(8) we further propose a field theory construction for the
resulting 4d theories. For the 6d SU(3) theory, we argue that the theories in four dimensions are
quivers with SU(3) gauge nodes and free chiral fields. The theories one obtains from the 6d SO(8)
gauge theory are quivers with SU(4) gauge groups and chiral fields with R charge a half. In the last
case the theories constructed for general Riemann surfaces involve gauging of symmetries appearing
at strong coupling. The conformal manifolds of the models are constructed from gauge couplings and
baryonic superpotentials. We support our conjectures by matching the dimensions of the conformal
manifolds with complex structure moduli of the Riemann surfaces, matching anomalies between six
and four dimensions, and checking the dualities related to different pair of pants decompositions of
the surfaces. As a simple application of the results we conjecture that SU(3) gauge theory with nine
flavors in four dimensions has a duality group acting on the seven dimensional conformal manifold
which is the mapping class group of sphere with ten marked points.
I. INTRODUCTION
In recent years a lot of the properties of four dimen-
sional supersymmetric theories were either elucidated or
discovered by realising them as compactifications of six
dimensional (1, 0) models. Following the seminal work
of Gaiotto [1] realising N = 2 theories in four spacetime
dimensions as compactifications of the 6d (2, 0) theories,
several compactification scenarios featuring less super-
symmetric setups were discussed. These include com-
pactifications of the 6d (2, 0) theories with flux for global
symmetry [2, 3], orbifolds of the (2, 0) theory [4, 5], the
E-string SCFT and more general conformal matter in six
diemsnions [6–8].
For a generic Riemann surface, Lagrangian descrip-
tions for the resulting theories are for most of the above
mentioned cases unknown. The exclusive list of cases
where this is known are the A1 and A2 (2, 0) theories, the
rank 1 E-string, and the SCFT living on 2 M5-branes in
the presence of a C2/Z2 singularity. A common thread
in all these theories is that they have only a handful of
degrees of freedom in 6d. The same results for their gen-
eralizations, by adding tensors, vectors or hypermulti-
plets, are not known. Furthermore, for the A1 (2, 0) the-
ory, the 4d theories are all completely Lagrangian with
weak coupling limits, a property that is lost upon adding
matter, like the generalization to the A2 (2, 0) theory
or the SCFT living on 2 M5-branes in the presence of
a C2/Z2 singularity. These theories are constructed us-
ing Lagrangian constructions which involve gauging sym-
metries appearing in strong coupling cusps of conformal
manifolds and thus are inherently strongly coupled.1
This expresses the, at least intuitive, expectation that
simpler 6d theories should lead to simpler 4d theories. Of
course, this may just be an artifact of our present under-
standing, soon to change as we acquire more knowledge.
Nevertheless, we can try to look at this as a guiding prin-
ciple. Particularly, this suggests that it may be worth-
while, in the study of compactifications of 6d SCFTs,
to look at particularly simple 6d SCFTs with minimal
matter content. In the study of the classification of 6d
SCFTs, there is a class of minimal models, which are the
minimal SCFTs possible with a single tensor multiplet
and no global symmetry.
These SCFTs require vector multiplets in addition to
the single tensor, and have a low-energy effective de-
scription away from the origin of the tensor branch as
a pure 6d gauge theory. The list of 6d anomaly free pure
gauge theories is limited to the following [10, 12]: SU(3),
SO(8), F4, E6, E7, and E8, and unsurprisingly, these are
precisely the theories that appear for the case at hand.2
1 One can also construct Lagrangians for theories obtained in com-
pactifications with very special choices of surfaces and punc-
tures for a wider variety of choices of six dimensional theories
[1, 4, 6, 7, 9].
2 The E7 gauge theory can also have a single half-hyper in its
fundamental representation, and there is a 6d SCFT having this
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2The above suggests that it may be interesting to study
the compactifications of these theories on Riemann sur-
faces to 4d, which is what we initiate in this article.
Specifically, we concentrate on the cases of 6d gauge
group SU(3) and SO(8), and find a conjecture for the
theories one obtains in four dimension upon compactifi-
cation on general Riemann surface with various twisted
punctures. From our conjectures we will derive interest-
ing implications about the field theories in four dimen-
sions. In particular these models have no supersymmet-
ric relevant deformations in general, no flavor symme-
try on general locus of the conformal manifold, and will
have conformal manifolds matching the complex struc-
ture moduli of the compactification Riemann surface.
The mapping class group of the complex structure mod-
uli then is expected to be manifest in four dimensions as
duality of the models.
While our results are about the relations between the
4d and 6d theories, they also have implications to 5d
physics. Particularly, our results suggest the existence of
certain 5d description of the above 6d SCFTs compacti-
fied on a circle. One of these relations, for the 6d SU(3)
gauge theory, was previously proposed in [11], while the
other is to our knowledge, new.
II. SIX DIMENSIONS
Consider a 6d N = (1, 0) pure gauge theory with a
gauge group G. The possible choices for G are severely
limited due to the requirement of anomaly cancellation.
Specifically, the N = (1, 0) vector multiplet contains a
chiral fermion which leads to a gauge anomaly quartic in
the field strength F . This anomaly comes in two vari-
ants, differing by the structure of the index contractions.
These are conventionally denoted as Tr(F 4), where the
gauge indices are contracted with the quartic Casimir,
and Tr(F 2)2, where the gauge indices are contracted
with the quadratic Casimir twice. The latter can be
solved by the addition of a N = (1, 0) tensor multiplet
via the Green-Schwarz mechanism provided it is nega-
tive [10], which is always the case for the chiral fermion
coming from the vector multiplet. Thus, the major con-
straint is that the Tr(F 4) contribution from the adjoint
fermion be zero.
The types of G for which the constraint of anomaly
cancellation is obeyed are: SU(3), SO(8), F4, E6, E7 and
E8. All of these except SO(8) obey the constraint simply
as they lack a quartic Casimir and so this type of anomaly
gauge theory as its low-energy effective description on the tensor
branch. This then gives another 6d SCFT with a single ten-
sor multiplet and no global symmetry. However, we shall not
consider it here.
does not exist for them.3 The SO(8) case is in some sense
the opposite example, as SO(8) is the only group that has
more than one quartic Casimir. Particularly, SO(8) has
two quartic Casimirs, related to the Euler and second
Pontryagin classes, and so has two independent quartic
anomalies. The group SO(8) also has an S3 outer auto-
morphism group, generating the so called triality trans-
formations, under which the two quartic Casimirs trans-
form as the irreducible two dimensional representation of
S3. Thus, that must also act linearly on the two Tr(F
4)
anomalies. As a result, a sufficient condition for an SO(8)
gauge theory to be Tr(F 4) anomaly free, is for it to be
triality invariant. Particularly, pure SO(8) gauge theory
is triality invariant and so cannot have any Tr(F 4) type
anomalies.
For all of these cases, we expect there to be a 6d SCFT
with a one dimensional tensor branch (usually referred to
as rank 1 theory), which flows to the pure G gauge theory
plus a decoupled tensor on a generic point on the tensor
branch. The resulting SCFT should have no continuous
flavor symmetries. We can evaluate the ’t Hooft anoma-
lies of these SCFTs, using the gauge theory description,
and collect the results in an anomaly polynomial 8-form.
This will be useful later when we consider reductions of
these SCFTs to 4d.
The ’t Hooft anomalies receive contributions from
three sources: the chiral fermion in the vector multiplet,
the self-dual tensor and chiral fermion in the tensor multi-
plet, and the Green-Schwarz term required to cancel the
Tr(F 2)2, mixed gauge-global and mixed gauge-gravity
anomalies. The contributions of the first two are straight-
forward to write down. Particularly, the vector multiplet
of the group G contributes to the anomaly polynomial
[14]:
− Tr(F
4)Adj
24
− C2(R)Tr(F
2)Adj
4
− dGC
2
2 (R)
24
(1)
− dGC2(R)p1(T )
48
− Tr(F
2)Adjp1(T )
48
− dG (7p
2
1(T )− 4p2(T ))
5760
.
Here we use C2(R) for the second Chern class of the
SU(2) R-symmetry bundle in the doublet representa-
tion, and p1(T ), p2(T ) for the first and second Pontryagin
classes of the tangent bundle respectively. The constant
dG stands for the dimension of the group G. In all the
cases we consider here Tr(F 4)Adj can be expressed as:
Tr(F 4)Adj = λGTr(F
2)2Adj , (2)
3 The groups SU(2) and G2 also do not have a quartic Casimir.
However, these have a Witten type anomaly which excludes the
pure case. Incidentally, SU(3) also has that type of anomaly,
since pi6(SU(3)) = Z6, but the contribution of a chiral fermion
in the adjoint representation to it turns out to be vanishing [12].
3G SU(3) SO(8) F4 E6 E7 E8
dG 8 28 52 78 133 248
λG
1
4
1
12
5
108
1
32
1
54
1
100
TABLE I. Group data used in writing down the anomaly poly-
nomial.
where we have written the value of the constant λG in
table I.
The tensor multiplet contributes:
C22 (R)
24
+
C2(R)p1(T )
48
+
(23p21(T )− 116p2(T ))
5760
. (3)
Finally to cancel all gauge anomalies we need to intro-
duce the Green-Schwarz term:
λG
24
(Tr(F 2)Adj +
3
λG
C2(R) +
1
4λG
p1(T ))
2. (4)
Summing up all the terms, we find:
I6d =
1
24
(
9
λG
− dG + 1)C22 (R)
+
1
48
(
3
λG
− dG + 1)C2(R)p1(T )
+
( 15λG − 7dG + 23)p21(T ) + (4dG − 116)p2(T )
5760
. (5)
We next consider compactifying the 6d SCFT to 4d on
a Riemann surface. As the Riemann surface is curved,
supersymmetry is broken. To avoid this, we twist the
SU(2) R-symmetry bundle so as to cancel the curva-
ture of the Riemann surface for some of the supercharges
which are charged under it. In such a way we can pre-
serve at most 4 supercharges, corresponding to N = 1 in
4d. The twist also breaks the SU(2) R-symmetry to its
U(1) Cartan, which becomes an R-symmetry in 4d. We
can predict the 4d anomalies of the resulting theory from
the anomaly polynomial of the 6d SCFT, by integrating
the latter on the Riemann surface [2]. This should lead to
the anomaly polynomial of the 4d theory, which contains
the ’t Hooft anomalies of the 4d theory, at least those for
symmetries descending from 6d.
In our case, we need to integrate (5) on the Riemann
surface, but first we need to take the twist into ac-
count. This is done by setting C2(R) = −C1(R)2 +2(1−
g)tC1(R)+ ..., where C1(R) is the first Chern class of the
U(1) Cartan of the SU(2) R-symmetry and t is a unit
flux 2-form on the Riemann surface. Inserting this into
(5) and integrating we find:
I4d =
1
6
(
9
λG
− dG + 1)(g − 1)C31 (R) (6)
− 1
24
(
3
λG
− dG + 1)(g − 1)C1(R)p1(T ).
From this we can evaluate the conformal central
charges finding:
a =
3
16
(
12
λG
− dG + 1)(g − 1), (7)
c =
1
8
(
33
2λG
− dG + 1)(g − 1).
We can also consider compactifications on surfaces
with punctures. To do so we need to supply some in-
formation at the punctures. A convenient way to achieve
this is to elongate the region near a puncture to a cylin-
der. The effective theory on this cylinder is given by
the five dimensional reduction of the theory. Therefore,
to make progress with considering punctures we need to
consider the 6d SCFTs on a circle.
Reduction to 5d
Here we consider the previously discussed 6d SCFTs
reduced on a circle to 5d.4 It is by now well appreci-
ated that reducing 6d SCFTs on a circle, possibly with
holonomies for flavor symmetries, can lead to effective 5d
gauge theory descriptions, where the 5d gauge couplings
being related to the holonomies and the compactifica-
tion radius. Here, as the 6d SCFTs have no continuous
global symmetry, we cannot incorporate holonomies for
flavor symmetries.
As a result, when we compactify the 6d SCFT on a
circle, if we are to get a gauge theory it can only be
a pure 5d gauge theory which has the 6d theory as its
UV completion. The basic reason is that in 5d we can
only have a single U(1) global symmetry, associated with
the compactification, and as any 5d gauge theory comes
with a topological U(1), we are limited to pure 5d gauge
theories. Most pure 5d gauge theories are known to have
a UV completion as 5d SCFTs and so cannot be used
for this purpose. Recently a series of criteria for a 5d
gauge theory to have a 5d or 6d SCFT UV completion
was proposed in [15], and its implications studied for the
case of single gauge groups. While the proposed criteria
are known not to be sufficient [11], it is believed to be
necessary, and for the purpose of this article, we shall
assume that it is indeed so.
Going over the theories listed in [15], we find that there
are only three pure 5d gauge theories that can have a
6d SCFT as their minimal UV completion. These are
SU(3) with Chern-Simons ±9, SU(4) with Chern-Simons
±8, and SU(6) with Chern-Simons ±9. Therefore, the
majority of the 6d SCFTs of the class we discussed do
not posses 5d gauge theory descriptions. This means that
it is unclear how punctures can be defined in that case,
and we will not consider them here. Instead we shall
4 For a previous study of this problem see [13].
4concentrate on the three cases that may have a 5d gauge
theory description.
Out of these three, only the SU(3) gauge theory with
Chern-Simons level ±9 is known to exist as it has been
constructed through geometrical means in [11]. The au-
thors of [11] also provide evidence that this 5d gauge
theory lifts to the 6d SCFT completion of the pure 6d
SU(3) gauge theory with a twist. More specifically, the
6d SU(3) gauge theory has a discrete symmetry given by
charge conjugation, and assuming it lifts to a symmetry
of the SCFT, we can consider a compactification with a
twist under this discrete symmetry. The proposal in [11]
then, is that when the 6d SCFT completion of the pure
6d SU(3) gauge theory is compactified on a circle with
this twist, the resulting low-energy theory is the 5d SU(3)
gauge theory with Chern-Simons level ±9. Note that the
twist is necessary, for instance, to make the Coulomb
branch dimensions agree. On the 5d side we have the
two dimensional Coulomb branch of SU(3) which should
match the two dimensional Coulomb branch of the 6d
SU(3) on a circle plus the one dimensional tensor. How-
ever, the twist projects the dimension three Coulomb
branch operator of the 6d SU(3) on a circle, as it is odd
under it, making the matching work.
We shall later on see that our 4d results are consis-
tent with this picture. Particularly, we will construct
theories whose anomalies match those of the 6d SU(3)
SCFT on Riemann surfaces with punctures possessing
SU(3) global symmetry and with anomalies matching
those evaluated by assuming the 5d description is an
SU(3) gauge theory with Chern-Simons level ±9. Simi-
larly, we shall construct theories whose anomalies match
those of the 6d SO(8) SCFT on Riemann surfaces with
punctures possessing SU(4) global symmetry and with
anomalies matching those evaluated by assuming the 5d
description is an SU(4) gauge theory with Chern-Simons
level ±8. While this is indirect evidence, it does suggests
that, first, the SU(4) gauge theory with Chern-Simons
level ±8 exists as a 6d lifting theory, and, second, that
it lifts to the 6d SO(8) SCFT. Note, however, that the
Coulomb branch dimension of the 5d gauge theory does
not match that of the 6d SCFT on a circle unless some
directions are projected by a twist, like in the SU(3)
case. Fortunately, the 6d SO(8) gauge theory has a dis-
crete S3 symmetry given by the outer automorphisms
of SO(8), and assuming these lift to symmetries of the
SCFT, they can be used to form twisted compactifica-
tions. The Z3 element, implementing the SO(8) trial-
ity, in particular, when used in twisted compactification,
projects the two dimension four Coulomb branch opera-
tors of the 6d SO(8) gauge theory on a circle. Thus, from
these considerations, we see that if the picture we sug-
gest is to be correct the compactification must be with
at least this Z3 twist. Finally, we do not have theories
that can be associated with the 5d SU(6) gauge theory
with Chern-Simons level ±9, and so have nothing to say
about this case.
We will next explore some of the implications of the
5d descriptions for the cases we consider. It should be
noted that ultimately we will be concerned with the 4d
theories resulting from the 6d SCFTs. There are various
aspects, particularly related to twists, that are difficult
to decipher just from the 4d theories. As a result, there
are various puzzles that we cannot resolve at this mo-
ment. We shall first ignore the twist, and concentrate
on those elements that lead to sharp 4d predictions that
can be compared against the 4d theories. These particu-
larly are the contribution of the punctures to the ’t Hooft
anomalies.
We shall define the punctures by boundary conditions
for the 5d fields. We are interested in preserving four su-
percharges and a natural boundary condition is to choose
Dirichlet for the vector fields and Neumann for the ad-
joint chiral, where here we are using 4d N = 1 language.
This will imply that we have Dirichlet boundary con-
dition for chiral fermions and Neumann for antichiral.
From this we can compute the anomaly inflow contribu-
tion of the puncture to four dimensions. This comes from
the anti-chiral fermions and the CS term. The former are
in the adjoint of the 5d gauge groups, SU(3) or SU(4)
depending on the case, have R charge −1, and contribute
half of the contribution of four dimensional fermions. The
gauge symmetry in five dimensions will be frozen and be-
comes a flavor symmetry. For the 5d SU(3) gauge theory,
which we associate with the 6d SU(3) SCFT, This gives
the anomaly contributions Tr(R) = −4, Tr (R3) = −4,
and Tr(RSU(3)2) = − 32 coming from every puncture.
To compute the full anomaly polynomial we also need to
take into account the computation of the integral of the
6d anomaly polynomial on the Riemann surface which is
the same as above but with g − 1 → g − 1 + s/2 where
s is the number of punctures, and we specialize to the
case of the 6d SU(3) SCFT. These give for surfaces with
punctures the anomalies:
a =
3
32
(82(g − 1) + 33s), (8)
c =
1
16
(118(g − 1) + 51s) .
In addition the CS term contributes Tr(SU(3)3) = ±9,
where the sign is determined by the sign of the CS term.
A similar story also holds for the 5d SU(4) gauge the-
ory, which we associate with the 6d SO(8) SCFT. The
puncture is defined using the same boundary conditions
for the 5d fields as previously considered. This gives the
anomaly contributions Tr(R) = − 152 , Tr (R3) = − 152 ,
and Tr(RSU(4)2) = −2 coming from every puncture.
To compute the full anomaly polynomial we also need
to take into account the computation of the integral of
the 6d anomaly polynomial on the Riemann surface and
the inflow. These give for surfaces with punctures the
anomalies:
a =
9
16
(39(g − 1) + 17s), (9)
c =
3
8
(57(g − 1) + 26s) .
5In addition the CS term contributes Tr(SU(4)3) = ±8,
where the sign is determined by the sign of the CS term.
Implications of the twists
Before moving on we are going to consider some of the
implications of the twists, that we have argued should
be there from reasoning associated with the 5d reduc-
tion. The incorporation of twists is something that is
familiar from class S [1, 16] constructions and many of
the expectations we mention here have analogues there
as well [17–19]. In those cases the twist can be turned
on along any cycle on the surfaces. These particularly
include those surrounding the punctures. For the special
case of a sphere with q punctures, these are the only cy-
cles. Furthermore, they are not independent, where the
holonomy around q−1 punctures should be the inverse of
that around the remaining puncture. In our case, since
the punctures we consider must incorporate a twist, this
leads to constraints on the possible theories. For instance
if the punctures have a Z2 twist then we cannot have a
sphere with odd number of punctures. Also one can only
glue a twisted puncture to another twisted puncture with
opposite twist.
On Riemann surfaces without punctures, the twists
can still be incorporated on the cycles of the Riemann
surface. When the latter is built from punctured spheres
then whenever we glue two twisted punctured we get the
associated twist along the cycle spanned by the punc-
tures. Additionally, we also have the other tube cycle,
which is incorporated by how the gluing is performed.
Thus, in theories supporting the twist there are several
ways to perform the gluing, differing by whether one in-
corporate a twist or not. For instance in the case of the
A type (2, 0) theory, this distinction is given in the glu-
ing by whether the fundamental representation of the SU
group associated with one puncture is mapped to the fun-
damental or anti-fundamental representation of the other
puncture. It should be noted that such twists around cy-
cles do not affect the anomalies save by possibly breaking
symmetries, which does not occur in the cases we con-
sider here as these have no global symmetries. As a result
it may be difficult to distinguish between 4d theories re-
sulting from compactifications differing by application of
twists.
We next wish to consider each case in turn. We begin
with the 6d SU(3) SCFT. As we previously mentioned,
when compactified to 5d on a circle with a twist, it is
expected to give the SU(3) gauge theory with Chern-
Simons level ±9. One issue with this picture is that the
5d gauge theory comes in two inequivalent variants dif-
fering by the sign of the Chern-Simons level, but it is not
clear what degree of freedom in 6d determines to which
of this version one would flow. One possibility is that
the discrete symmetry group of the SCFT is larger than
Z2 and that there are then different twists accounting
for this difference.5 We do observe in 4d that we only
find theories related to spheres with an even number of
punctures, which is consistent with a Z2, but also with
possibly other twist if the punctures come in pairs with
opposite twists. As a result we cannot resolve this ambi-
guity and we leave this for future study.
We next move to consider the 6d SO(8) SCFT. As
we previously mentioned, when compactified to 5d on a
circle with a twist, it is expected to give the SU(4) gauge
theory with Chern-Simons level ±8. Here, since the twist
is Z3 we have two conjugate twists and the previously
mentioned issue does not arise. Also here in 4d we do find
a theory that can be associated with a three punctured
sphere, which is consistent with punctures having a Z3
twist.
III. FOUR DIMENSIONS
SU(3)
We want to find four dimensional models such that
they will have factors of SU(3) global symmetry and the
anomalies of these symmetries are Tr(SU(3)3) = ±9,
Tr(RSU(3)2) = − 32 . Let us make a guess that we can
do this with free fields. This guess does not have to be
correct but we will see it works in the case we study. We
discover that constructing field theories such that we will
have nine free chiral fields in the fundamental of SU(3)
produces the right anomalies. The question is then how
we build models from these collections of fields. It is not
hard to come up with the following conjectures which
reproduce all the robust expectations we have derived
from pure SU(3) gauge theory in six dimensions.
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FIG. 1. The sphere with four punctures. The squares are
SU(3) flavor and circles SU(3) gauge. We have additional
SU(3) global symmetries rotating the three bifundamentals.
The bifundamentals in the middle link have a baryonic su-
perpotential turned on breaking the SU(3) flavor symmetry.
The wavy lines denote the fact that the fields have the bary-
onic superpotential. All in all we are left with four SU(3)
symmetries.
The conjectures We conjecture that the theory corre-
sponding to a sphere with four punctures is constructed
from three sets of trifundamental SU(3) chiral fields,
5 We thank Yuji Tachikawa for a discussion regarding this point.
6gauging two diagonal SU(3)s of two different trifunda-
mentals, and breaking the additional SU(3) by a super-
potential. The model then has four SU(3) factors of
global symmetry. See Fig. 1 for details.
Let us denote the three trifundamental fields as Q
(i)
abc.
The superpotential is,
3∑
d=1
λd 
abcefgQ
(2)
adeQ
(2)
bdfQ
(2)
cdg . (10)
This superpotential is marginally irrelevant near the free
locus and we will discuss the meaning of this later. We
can combine the four puncture spheres to form arbi-
trary surfaces by gauging diagonal combinations of SU(3)
global symmetries with N = 1 vector multiplets. As each
such group has nine flavors the one loop beta function is
zero. It is convenient to define building blocks of Fig.
2 to write down the quivers for such theories. The four
puncture sphere is written using the blocks in Fig. 3 and
Fig. 4 shows an example of a more general surface. It is
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FIG. 2. Building blocks of the theories. First we have the
trifundamental, and then trifundamental with one of the three
SU(3) symmetries broken by baryonic superpotential which
preserves other two SU(3) flavor symmetries.
easy to verify that with these blocks the ’t Hooft anoma-
lies match exactly the anomalies computed from six di-
mensions. The anomaly of the four punctured sphere is
a = 45/16 and c = 43/8. We glue surfaces with SU(3)
N = 1 gauging. We can construct genus g surface with s
punctures by gluing together g + s/2− 1 four punctured
spheres with 2g − 2 + s/2 gluings. Note that number of
punctures is even.
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FIG. 3. Four puncture sphere
We also note that the gluing seems to be determined
from anomaly cancellation, and so we do not see any
additional option that would incorporate the twist on
the cycle of the tube used in the gluing. It is possible
that the other choices are more complicated, or maybe
this 6d option has no effect on the 4d physics. This also
means that we cannot fully pinpoint what are the twists
along these tube cycles for the 4d theories we present, as
anomalies cannot distinguish this. For the cycles running
along the punctures, the twist can be determined from
those associated with the punctures.
Another interesting check is to compute the supersym-
metric index which will tell us what are the relevant and
marginal operators. The supersymmetric index [20] is
defined as the trace over the states of the model in radial
quantization,
Tr(−1)F qj1−j2+ 12Rpj1+j2+ 12R
Rank (G)∏
j=1
a
qf
j , (11)
where for states contributing to the index, the confor-
mal dimension is determined in terms of the rest of the
charges, E−2j1− 32R = 0. Here F is the fermion number,
ji are the Cartan generators of the su(2)× su(2) Lorentz
symmetry, E is the scaling dumension, R is the R sym-
metry, G is the flavor group with qi being charges under
the Cartan of it. We use the superconformal R symmetry
to compute the index and then one can argue that the
scalar components of chiral operators appear with powers
(qp)
R
2 . In expansion of the index of an interacting the-
ory in powers of q and p the operators contributing with
powers of qp less than two come from relevant chiral op-
erators. At order qp we get marginal operators but also
fermions from the conserved currents which contribute
with negative sign and are in the adjoint representation
of the global symmetry [21]. For low genus and small
number of punctures the index has special features, some
of which we will discuss, but for generic surfaces the index
is,
1 + qp((3g − 3 + s) +
s∑
j=1
(−8j + 10j)) + · · · . (12)
As there are no terms below qp, there are no relevant
operators. The number of exactly marginal directions
preserving puncture symmetries is 3g − 3 + s which is
expected to be related to complex structure moduli. We
also have a conserved current for each puncture and a
set of marginal operators charged under the puncture
symmetries.
ooo offIII
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one
FIG. 4. Example of genus three model.
Duality For the conjecture to be correct combining the
four puncture spheres to form surfaces of same topology
in different ways should give equivalent theories up to
the action of dualities. In particular the protected spec-
trum of the theory has to be invariant under exchange
7of the different factors of SU(3) symmetry associated to
punctures. This is a non obvious fact. In particular if
this holds for the four puncture sphere it will hold for
any surface. We have checked this by explicit evaluation
of the index in a series expansion. In fact we find that
a stronger statement from that which we need appears
hold true. Namely, gluing two trifundamentals and ignor-
ing the baryonic symmetry, which is broken for general
surfaces on the conformal manifold, the index is invariant
under exchanging the four SU(3) symmetries. The index
is given by,
G(a(b)) = (q; q)2(p; p)2
1
6
∮
dh3
2piih3
∮
dh2
2piih2
(13)∏3
i,j,k=1 Γe((q p)
1
3 a
(1)
i a
(2)
j h
−1
k )Γe((q p)
1
3 a
(3)
i a
(4)
j hk)∏
i 6=j Γe(hi/hj)
,
where
∏3
i=1 hi =
∏3
j=1 a
(d)
j = 1 ith a
(b) parametrizing
the four SU(3) flavors. The above is invariant under
permutations of the four a(d). We have checked this in
perturbative expansion in the fugacities to order (qp)2.
Let us concentrate on studying the duality of the four
punctured sphere. We can count the dimension of the
conformal manifold of the theory near weak coupling.
The full symmetry of the theory is broken on the con-
formal manifold and the dimensions is 252 . Moreover
as the superpotential we turn is built from fields having
same baryonic charge it is marginally irrelevant at weak
coupling. Thus, there is no conformal manifold passing
through zero coupling and having the symmetries we are
interested to have, four SU(3) and no baryonic symmetry
present. However it can happen that at finite position on
the conformal manifold we have such a locus of exactly
marginal deformations. We can check this by assuming
the symmetries we want and computing the index. The
index then will tell us what are the marginal operators
under these assumption and we can perform the analysis
of exactly marginals. It can be that we will get the same
answer as at weak coupling, and then the conjecture is
consistent, or different, which will prove it not right. The
index assuming the symmetry we are interested in is,
1 + q p(3(31,32,33,34) + 1 +
4∑
j=1
(−8j + 10j)) + · · · .
(14)
We can break all the symmetry on the conformal man-
ifold as 10 of SU(3) has non trivial invariants. This
means that again we get 252 exactly marginal deforma-
tions. This shows that it can be that there is a locus,
in fact a line as can be seen from the index, on the con-
formal manifold such that we have four factors of SU(3)
and no baryonic symmetry.
The fact that the relevant locus does not pass through
weak coupling is consistent with the fact that we do not
know what the sphere with three punctures is. One punc-
ture or all of such a theory should be not twisted, but we
do not have a gauge theory description of compactifica-
tion with no twist. We thus expect the decoupling limit
of four punctured sphere to be given by some strongly
coupled model.
We expect to have a duality acting on the line of the
conformal manifold we find. This duality should permute
different symmetry factors.
Closing punctures One additional operation we can
perform is to study flows which are triggered by vacuum
expectation values to operators charged under puncture
symmetry. Such flows will break the symmetry of the
puncture and will leave us with punctures of different
type. As the punctures have twist associated to them
it is impossible then to close the puncture completely.
Each puncture comes with a marginal operator in the 10
of SU(3). We can close a puncture by giving a vacuum
expectation value to a component of this operator. A
natural choice is to do as follows. First we have that
the fundamental of SU(3) has the following character
3 = b1 + b2 + b3, with b1b2b3 = 1, and
10 =
∑
i6=j
bi/bj +
3∑
i=1
b3i + 1 . (15)
In index notations we give expectation value to operator
contributing with weight qpb31 setting this combination
of fugacities to one, that is we give a vacuum expecta-
tion value to a single bifundamental field. The effect of
the flow is simple, the trifundamental associated to our
puncture is removed from the theory with the symmetry,
to which we gave a vacuum expectation value, removed
and the two additional SU(3) groups identified. We in-
terpret this procedure as closing a puncture to a different
puncture which has no flavor symmetry and we will re-
fer to that as an empty puncture. Let us add s′ empty
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FIG. 5. Closing a puncture of the four punctured sphere. The
circles are SU(3) punctures and crosses empty ones.
punctures by starting from a theory with s′+s punctures
and closing s′ of those. The anomaly is easy to compute
and we obtain that empty punctures behave as one third
of the SU(3) puncture. We have,
a =
3
32
(82(g − 1) + 33s+ 11s′), (16)
c =
1
16
(118(g − 1) + 51s+ 17s′) .
We can also compute the index and find that it is,
1 + q p(3g − 3 + s+ s′ +
s∑
j=1
(−8j + 10j)) + · · · .(17)
8This is consistent with having a conformal manifold pre-
serving the puncture symmetries whose dimension is the
same as the space of complex structure moduli. We no-
tice that a theory with s SU(3) and s′ = 3n + k empty
punctures is on the same manifold as the theory with
s + n SU(3) punctures and k empty punctures. In par-
ticular the same theory is on the same manifold as s′+3s
empty punctures. Note that the theory of Fig. 5 then
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FIG. 6. Closing SU(3) puncture of Fig. 5 we obtain a theory
with two SU(3) and two empty punctures.
can be thought off as a sphere with ten empty punctures
and has a seven dimensional conformal manifold [22, 23].
We then expect to have the mapping class group of the
sphere with ten punctures acting on this conformal man-
ifold. The cusp with zero coupling corresponds to pair of
pants decomposition to two spheres with one SU(3) and
five empty punctures.
SO(8)
We want to find four dimensional models such that
they will have factors of SU(4) global symmetry and the
anomalies of these symmetries are Tr(SU(4)3) = ±8,
Tr(RSU(4)2) = −2. Let us make again a guess that
we can do this with chiral fields. The anomalies can
be achieved if every SU(4) flavor symmetry has a single
octet of fundamental chiral fields with R charge half. We
construct the following models reproducing the anomalies
and all the predictions of six dimensions.
The conjectures For this case the twist is Z3 and thus
we can construct a sphere with three punctures such that
all are twisted. We conjecture that the theory corre-
sponding to a sphere with three punctures is constructed
as follows. We define a basic building block to be a pair of
bifundamental chiral fields of SU(4). We glue three such
blocks linearly together by gauging diagonal SU(4) sym-
metries. We also turn on baryonic superpotential for the
second block. The symmetry of the model that we iden-
tify is two copies of SU(4) at the ends and SU(2)2 rotat-
ing the pairs of bifundamentals of SU(4). We conjecture
that the conformal manifold of this model has a special
point so that the SU(2)2 enhances to SU(4). The em-
bedding of SU(2)2 in SU(4) is such that the fundamental
4 decomposes as (2,2). We then have three SU(4) sym-
metries. One way to check this is to compute the index
and see that it is consistent. In particular computing the
index of the three puncture sphere and decomposing the
SU(4) punctures as SU(2) × SU(2) we can check that
indeed the SU(2) × SU(2) symmetry we see in the ac-
tion will appear in the same way as the SU(2) × SU(2)
imbedded in the SU(4) of the puncture. We performed
this check in expansion of the index to low orders in qp.
It would be interesting to verify whether this holds to
all orders. This enhancement of symmetry is a crucial
conjecture for our statements to be correct. In a similar
manner to the previous case the baryonic superpotential
is marginally irrelevant in the vicinity of the locus pre-
serving the baryonic symmetry. However it is possible
that at the locus of the conformal manifold where the
symmetry conjecturally enhances to SU(4) this superpo-
tential is turned on.
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FIG. 7. The sphere with three punctures. The colored squares
are SU(4) flavor and circles SU(4) gauge. We have SU(2)
global symmetries rotating the two bifundamentals. The bi-
fundamentals in the middle link have a baryonic superpoten-
tial turned on breaking the SU(2) flavor symmetry. All in
all we are left with two SU(4) and SU(2)2 symmetries. The
latter is conjectured to be enhanced to SU(4) somewhere on
the manifold.
To construct the general models corresponding to
higher genus surfaces we need to couple all the three
SU(4) factors of the three puncture spheres to dynam-
ical vector fields. This involves tuning the coupling to
the locus where the symmetry enhances. In this respect
the theory is not Lagrangian in the usual sense and simi-
lar constructions exist for other setups arising in various
compactifications of six dimensional theories to four di-
mensions [5, 6, 24, 25]. We can write the index translat-
ing the SU(2) × SU(2) representations to SU(4), which
can be easily obtained at least in low orders in expansion
of the index. The result then is,
1 + (q p)
3
4 2(4, 4, 4) + qp(
3∑
i=1
(−15i + 20′i) ) + · · · .
(18)
Here 4, 15, and 20′ stand for characters of representa-
tions of SU(4) details of which will be given later. Note
that the conformal manifold preserving all the symmetry
we want is a point consistent with the theory correspond-
ing to a three puncture sphere. Using this we compute
the supersymmetric index for general surfaces, which will
tell us what are the relevant and marginal operators,
1 + qp((3g − 3 + s) +
s∑
j=1
(−15j + 20′j)) + · · · .(19)
9We have s punctures and genus g in this expression. As
there are no terms below qp, there are no relevant op-
erators [21]. The number of exactly marginal directions
preserving puncture symmetries is 3g−3+s which is ex-
pected to be related to the complex structure moduli. We
also have a conserved current for each puncture and a set
of marginal operators charged as 20′ under the puncture
symmetries.
For the conjecture to be true we need to check that the
duality exchanging the four factors of the SU(4) symme-
try in the four puncture sphere is the symmetry of the
index. This is indeed the case at least to low orders in
expansion of the index as can be seen above.
Finally we note that here also the gluing seems to be
determined from anomaly cancellation, and again we do
not see any additional option that would incorporate the
twist on the the cycle of the tube used in the gluing.
Likewise, we also have an ambiguity in matching the 4d
theories to the 6d compactification regarding the exact
choice of twist lines.
Closing punctures Here we can close the SU(4) punc-
ture down to an SU(2) puncture and then further to a
puncture with no symmetry. First we have that 4 =
b1 + b2 + b3 + b4, with b1b2b3b4 = 1, and
20′ =
∑
i 6=j
bi/bj +
3∑
i,j=1, i>j
(b2i b
2
j +
1
b2i b
2
j
) + 1 + 1 .(20)
Note also that under the SU(2) × SU(2) subgroup of
SU(4), the 4 has the following character, (u+ 1u )(u˜+
1
u˜ )
and we have
20′ → 1 + 5+ 5˜+ 3 3˜ , (21)
15→ 3+ 3˜+ 3 3˜ .
We can turn on a vacuum expectation value for an op-
erator in the 5 of SU(2) which will trigger a flow ending
in a fixed point with the SU(4) puncture traded with a
puncture with SU(2) symmetry. For the quiver theories
this is easy to understand. We give an expectation value
to a baryonic operator of one of the basic blocks built
from one of the two bifundamental chiral fields. This
will remove the block via the Higgs mechanism. We can
do this procedure for the remaining SU(2) group and get
an empty puncture. Because of the twist we cannot re-
move a puncture completely and are left with a puncture
with no symmetry associated with it.
The anomalies of a general surface with s SU(4) punc-
tures, s′ SU(2) punctures and s′′ empty punctures are
obtained by starting with s + s′′ + s′ SU(4) punctures
and giving the needed vaxuum expectation values,
a =
9
16
(39(g − 1) + 17s+ 34
3
s′ +
17
3
s′′), (22)
c =
3
8
(57(g − 1) + 26s+ 52
3
s′ +
26
3
s′′) .
We can also compute the index and find that it is,
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FIG. 8. Models one obtains by flows from a sphere with three
punctures with SU(4) symmetry. The black circle is SˆU(2)
puncture. The white circle is SU(4) puncture and crosses are
basic punctures.
1 + q p
(
3g − 3 + s+ 2s′ + 2s′′ +
s∑
j=1
(−15j + 20′j) +
+
s′∑
j=1
(−3j + 5j)
)
+ · · · . (23)
On a general point of the conformal manifold all symme-
try is broken and the dimension is then 3g−3+6s+4s′+
2s′′. We note that the empty puncture contributes to the
dimension of the manifold and to the anomalies as one
third of the SU(4) puncture, and also SU(2) punctures
contribute as two thirds of the SU(4) punctures. Note
that the number of exactly marginal couplings preserv-
ing the symmetries with the non SU(4) punctures does
not match the complex structure moduli. Similar phe-
nomena is also known to occur for minimal punctures in
some other examples of compactifications such as N = 1
class S theories, see [2], so this is not necessarily alarm-
ing. We note however the following fact.
Let us assume that the theory has basic punctures such
that the conformal manifold is given by complex struc-
ture moduli. We do not have direct evidence for such a
statement, but it has some appeal, and we will see that
assuming this some properties work out in a nice manner.
Let us assume that the basic puncture with no symme-
try is such that the empty puncture is a collision of two
such punctures, and the SU(4) puncture is a collision
of six basic punctures. Moreover let us also conjecture
that the SU(2) puncture we have obtained in the flow
is a collision of the basic puncture and a new type of
SU(2) puncture, denoted SˆU(2). Denoting the number
of the SU(4) punctures s, SˆU(2) punctures sp, and basic
punctures st the index is,
1 + q p
(
3g − 3 + s+ sp + st +
s∑
j=1
(−15j + 20′j) +
+
sp∑
j=1
(−3j + 5j)
)
+ · · · . (24)
This is consistent with the geometric interpretation of
10
all the conformal deformation as associated to complex
structure moduli. On generic points of the manifold all
symmetries are broken and the punctures split to basic.
We need to be careful with the twist of the punctures. If
we assume that we associate a given twist to the SU(4)
puncture the flow does not change it. It then means that
the basic puncture and the SˆU(2) puncture obtained in
the flow have inverse twist. On the conformal manifold
SˆU(2) puncture of given twists can split into three basic
punctures such that two are of same twist and one of
inverse twist. Likewise, an SU(4) puncture can split into
two SˆU(2) punctures of inverse twist.
Note that starting with a sphere with three SU(4) punc-
tures, and closing one to SU(2), we obtain a sphere with
sixteen basic punctures. The dimension of the space of
complex structure moduli is thirteen. Let us count the
baryonic marginal operators of this theory which is just
an SU(4) gauge theory with eight flavors. We have sev-
enty baryons and antibaryons and the gauge coupling as
marginal operators. The symmetry is SU(8)×SU(8) and
two U(1) symmetries one of which is anomalous. The
symmetry is completely broken on the conformal man-
ifold, thus the number of exactly marginal operators is
70 + 70 + 1 − 63 − 63 − 1 − 1 = 13. This agrees with
the complex structure moduli. In this case we have also
marginal operators coming from the mesons but they do
not have a general six dimensional interpretation.
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